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Abstract 

We exhibit a connection between two constructions of twisted modules 
for a general vertex operator algebra with respect to inner automorphisms. 
We also study pseudo-derivations, pseudo-endomorphisms, and twist deforma- 
tions of ordinary modules by pseudo-endomorphisms, which are intrinsically 
connected to one of the two constructions. 
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In vertex operator algebra theory, for a vertex operator algebra V, in addition to the 
notion of ^-module there is a notion of u-twisted ^-module where a is a finite order 
automorphism of V. This is one of those new features of vertex operator algebras, 
in contrast with classical Lie or associative algebras. The notion of twisted module 
was originated from the construction of the celebrated moonshine module vertex 
operator algebra (see [FLMlj . |FLM2] , [L~e] ) and it had played a key role therein. 
Since then, the theory of twisted representations has been extensively studied in 
literature (cf. [FFR], [D], pi], |DLM3j ). 

In |Lilj . a conceptual construction of vertex algebras and their twisted modules 
was obtained and a canonical construction of twisted modules with respect to inner 
^ ! automorphisms was found. Let V be a general vertex operator algebra and let 

h G V, satisfying that L{n)h = 5 n flh and h(n)h = 5 nt ia for n e N, where a is a 
rational number. Assume that h(0) acts semisimply on V with eigenvalues in for 
some positive integer r. Note that e 2nth (°\ denoted by ah, is an automorphism of 
V. Set 

\n>l 

It was proved therein that for any V-module (W, Yw(',z)), (W, >V(A(/i, z)-, z)) 
carries the structure of a cr^-twisted V-module. This correspondence gives rise to 
a canonical isomorphism between the category of ^-modules and the category of 
ovtwisted V^-modules. 

There is another construction of twisted modules by employing the construction 
of contragredient modules. Let V be a vertex operator algebra. A fundamental result 
due to |FHLj is that for any ^/-module W, the restricted dual W of W has a natural 
l/-module structure, called the contragredient module. Note that the construction 
of contragredient module depends on the conformal vector; it depends not only 
on the vertex algebra structure. In [DLM2] . to study modules for vertex operator 
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algebras associated to affine Lie algebra sl^ at admissible levels, we employed a 
different conformal vector whose L(0)- weight grading corresponds to the principal 
grading, whereas the usual Segal-Sugawara conformal vector corresponds to the 
homogeneous grading. More generally, let V be a vertex operator algebra with 
conformal vector u and let h G V be such that L(n)h = 5 n ,oh and h{n)h = 5 n ^a 
for n G N, where a is a rational number. Then u + L(—l)h is a conformal vector. 
(This is a reformulation of the Feigin-Fuchs construction of modules for the Virasoro 
algebra.) In general, vertex algebra V equipped with the new conformal vector 
uj + L(—l)h is a Q-graded vertex operator algebra, whose notion differs from the 
ordinary one only on the grading group. It was observed therein that for a general 
Q-graded vertex operator algebra V, essentially the same argument of [FHL] shown 
that the contragredient dual of a l^-module is a twisted module with respect to the 
automorphism a = e imL ^ . Then, given an ordinary vertex operator algebra V with 
an element h G V satisfying the conditions as above, we have a different construction 
of twisted modules by considering contragredient dual of ^-modules with respect to 
the new conformal vector associated to h. 

This present paper is to study the relation between the two constructions of 
twisted modules and to study a certain general theory closely related to the first con- 
struction. More specifically, in the first part, we give a connection between the two 
constructions of twisted modules and in the second we study pseudo-endomorphisms 
and the twist deformations of ordinary modules by pseudo-endomorphisms. 

Note that the first construction is simply to twist ordinary representations. 
Closely related to this spirit is the physics super-selection theory (cf. [HKj . [FRS] ). 
For an illustration, let A be an associative (C*-) algebra. A trivial fact is that for any 
endomorphism a of A and for any representation p of A, poo is also a representation 
of A. In general, A has infinitely many nonequivalent irreducible modules, but in 
practice only certain irreducible modules are selected by certain rules. The super 
selection rule is to select those representations obtained from the distinguished "vac- 
uum module" through (unitary) endomorphisms. Also in this very theory, fusion 
rule can be defined and studied in terms of endomorphisms. For vertex operator al- 
gebras, the adjoint modules are understood to be the vacuum modules. All of these 
motivated the work |Li2] in which the physics super- select ion theory was studied 
in the contexts of vertex operator algebras. The key idea is to replace endomor- 
phisms with "pseudo-endomorphisms" like A(h,z), which are not endomorphisms 
in the usual sense. (Notice that if V is a simple vertex operator algebra, the cr-twist 
of V is always isomorphic to V for any endomorphism a of V.) The "pseudo- 
endomorphisms" considered in |Li2] are elements A(z) G Hom(V, V £g> C[z, z^ 1 ]), 
satisfying 

A(z)l=l, [L{-l),A(z)] = ~A(z), 

az 

A(z)Y(v, zo) = Y(A(z + zq)v, z )A{z) 
for v & V. It was proved therein that for any ^-module (W, 1V(-, z)), the pair 
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(W,Y w (A(z)-, z)) also carries the structure of a ^-module. Furthermore, fusion 
rule in the sense of [FHLJ was studied in terms of "pseudo-endomorphisms." In 
particular, it was proved that twisting the adjoint module V by A(h, z) gives simple 
currents in a certain sense. 

The notion of pseudo-endomorphism was formally introduced and further studied 
later in |Li4j . Motivated by Etingof-Kazhdan's notion of pseudo-derivation (see 
|EKj ). we defined a pseudo-endomorphism of V more generally as an element A(z) G 
Hom(V, V £g> C((z))) with the same set of axioms, whereas a pseudo-derivation of V 
is an element if)(z) G Hom(V, V <E> C((z))) such that 

[L(-l), ip{z)) = ~i/>(z), WW, Y(v, x)} = Y(^j(z + x)v, x) 

for v G V. Just as with the classical case, the exponential of a pseudo-derivation, 
provided it exists, is a pseudo-automorphism. A result proved in |EKj is that for 
any f(z) G C((z)), v G V, 

n>0 

is a pseudo-derivation of 1/. As it was observed in [Li4] (Remark 3.9), if we could 
take f(z) = logz, we would have 

X hJ = h logz + J2{-l) n - l -h n z- n 

n>l 

and A(h,z) = e Xh ^ z ' '. As the exponentials of pseudo-derivations "are" pseudo- 
automorphisms, the importance of exponentiating objects like Xhj is manifest. This 
suggests to study "logarithmic" pseudo-derivations and pseudo-endomorphisms, which 
are elements of Hom(V, V (g> C((z))[logz]). 

The second part of this present paper is a continuation of |Li4] . to study pseudo- 
derivations, their formal exponentials, and pseudo-endomorphisms. More specifi- 
cally, we study more general pseudo-derivations and pseudo-endomorphisms with 
C((z)) replaced by certain commutative algebras R over C((z)) such as C((z))[logz] 
and C((z l /' r )) with r a positive integer. We also study pseudo-endomorphism twists 
of ordinary representations for vertex algebras. For the vertex operator algebra as- 
sociated to a Heisenberg algebra, we show that certain pseudo-endomorphism twists 
of the adjoint module gives non-highest weight modules. 

Recently, Huang (see [H]) obtained a very interesting generalization of the first 
construction, where h(0) is allowed to be locally finite, instead of semisimple. In 
his generalization, the factor 

z h(o) in 

the construction is essentially replaced with 
e h(o)iogz j n a cer t a j n natural way. Then Huang obtained what he called generalized 
twisted modules with respect to an automorphism which is no longer of finite order. 

This paper is organized as follows: In Section 2, we give a connection between 
the two constructions of twisted modules. In Section 3, we study more general 
pseudo-derivations and pseudo-endomorphisms. 
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2 Two constructions of a^-twisted modules 



In this section, we first review the two constructions of twisted modules for an inner 
automorphism and we then give a connection between the two constructions. 

We start with some basic notions. An automorphism of a vertex algebra V is 
a bijective linear endomorphism a of V such that cr(l) = 1 and o~(Y(u, z)v) = 
Y(a(u), z)a(v) for u, v G V. An automorphism of a vertex operator algebra V is an 
automorphism a of V viewed as a vertex algebra such that cr(u) = oj, where uj is 
the conformal vector of V. Consequently, every automorphism of a vertex operator 
algebra preserves all the homogeneous (L(0)- weight) subspaces. 

A simple fact is that for any vertex algebra V and for any a G V, e a ° is an 
automorphism of V, provided that is locally finite on V. Assume that V is a 
vertex operator algebra. Let a G V(i), i.e., a EV with L(0)a = a. It follows that a 
preserves the L(0)-weight spaces of V, which implies that ao is locally finite on V. 
Thus e a ° is an automorphism of V viewed as a vertex algebra. Furthermore, if a is 
primary in the sense that L{n)a = for n > 1, we have e a °(u) = u, so that e a ° is 
an automorphism of vertex operator algebra V. 

Let V be a vertex algebra and let a be an automorphism of V of order k. A 
a-twisted V -module (see [FLM2j . |FFRj . [D] ) is a vector space W, equipped with a 
linear map 

Y w : V -> Hom(W^,iy((x 1/fc ))) C (Endiy)[[x 1/fc , a;- 1/fc ]] 

satisfying the conditions that Y w (l,x) = 1, 

Y w (av,x) = lim 1V(^,^) 

for v e V, where = exp(27rz//c), and that for u G V J ', «GV with < j < k — 1, 
^ / _j X2 \ y ^ xi)Y w (v, x 2 ) - Xq 1 8 ( — — — J Y w (v, x 2 )Y w (u, Xi) 

V. X J \ -Xq J 

j_ 

= x- 2 l ( X -±—^\ *5(?^)Y w (Y(u,x )v,x 2 ) (2.1) 



X 2 J \ X 2 

(a -twisted Jacobi identity), where 

V j = {a G V | a(a) = u{a}. 

If V is a vertex operator algebra, a er-twisted ^-module, which by definition is 
C-graded by the L(0)- weight, satisfies the two grading restrictions. 
Let V be a vertex operator algebra and let h G V be such that 

L(n)h = 5 n ,oh, h n h = S^ijl for n G N, (2-2) 



4 



where 7 is a fixed rational number, and such that h acts semisimply on V with 
rational eigenvalues. In view of Borcherds' commutator formula we have 

[L(m), h n ] = -nh m+n , [h m , h n ] = m^5 m+nfi (2.3) 

for m, n G Z. We shall also freely use h(n) for h„. 
Set 

A(h, z) = z m exp (f^ ^(- z y k ^J e (VndV){z}. (2.4) 

Note that e 2mh ^ is an automorphism of V. Set Oh = e 2mh ^ and assume that ah is 
of finite order. The following proposition was proved in [Lilj : 

Proposition 2.1. Let V be a vertex operator algebra and let h G V be such that 
Ii2. 2\) holds and such that h(0) acts semisimply on V with rational eigenvalues. Let 
(W, Yw (•, z)) be a V -module. Then (W, Yw(A(h, z)-, z)) carries the structure of a 
a h -twisted V -module. 

The following is essentially the Feigin-Fuchs bosonization of Virasoro algebra (cf. 
jPLinM] ): 

Proposition 2.2. Let V be a vertex operator algebra with conformal vector 00 of 
central charge c and h G V, satisfying h2.2\) . Then oj + ^L(—l)h is a conformal 
vector of central charge c — 37. 

In Proposition 12. 2\ V with the new conformal vector Cj in general is a Q-graded 
vertex operator algebra in the following sense (see |DLM2j ): 

Definition 2.3. If V satisfies all the axioms of a vertex operator algebra except that 
V is Q-graded instead of Z-graded, we call V a Q-graded vertex operator algebra. 

Let V be a general Q-graded vertex operator algebra. For u G V( a ) with a G Q 
and for n G Z, we have (see |FHL] ) 

[L(0),u n ] = (a-n-l)u n . (2.5) 

For u G V( a ), v G V(p) with a, (3 G Q, we have 

e 2mL{0) (u n v) = e 2{a+ P- n - l)7Ti (u n v) = e 2(a+/3) ™ (u n v) = (e 2mL{0) u) n (e 2mL{0) v). 

Since £(0)1 = u>il = and L(0)u = 2u, we have 

e ^(o)(i) = i > e 27riL ^(co)=u. 

Thus t := e 2mL ^) is an automorphism of V. It is clear that r is of finite order if 
and only if there is a positive integer T such that all the L(0)-weights, i.e., the £(0)- 
eigenvalues, are contained in |;Z, which is true if V as a vertex algebra is finitely 
generated. 
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Now, we assume that V = © ae _L z V( a ) for some positive integer r. Then 

T 2r = e 4r«L(0) = j Qn y 

That is, 2r is a period of r and r is a period of r 2 . 

Let W = © aec ^(«) be a V- module. Following |FHL| . set 

W = ©aec^a) 

(the restricted dual of W) and define 

(Y w /(u, z)u/, «;) = (u; 7 , ^(e 2i(1) e" i(0) z- 2i( \, s^tu) (2.6) 
for v E V, w' G W, From the argument in |FHL| . we also have 

(w', Y(v, z)w) = (Y'(e zL{1) e- niL{0) z- 2L( - 0) v, z^w', w). (2.7) 
The following was observed in [DLM2J: 

Proposition 2.4. Let V be a Q-graded vertex operator algebra such that V = 
© ae J_ z V( Q ) for some positive integer r and let W be a V -module. Then (W',Yw>) 
carries the structure of a a -twisted V -module with a = e 47nL (°) (= r 2 ). 

Proof. It is just a slight modification of the proof of the contragredient module 
theorem in [FHL] . First, as the L(0)-eigenvalues are contained in j-Z, we see from 
([2l| that for v eV, 

Y w ,{v,z) G (EndW)[[z 1/r , z~ 1/r ]] 

and we have 

Y w ,(y,z) G Hom(W, W((z l/r ))) 
from the grading restrictions on W as in [FHL ]. Second, for v G V we have 

-2L(0)„ = } . m r.lAr 2rL(0) v = e ^iL(0) z -2L(0) v 



lim 2"^%= lim (z l ' r y 



so that 

^/(trv, z) = Y w ,(e 47TiL{0) v, z) = lim Y w ,(v, z), 

where u r = exp(27r«/r) G C. Then it remains to prove the twisted Jacobi identity. 
Let a G V( a ), b G V with a G ^-Z. We need to prove 

Zq 1 5 ( Zl ^ Z2 \ Y W f(a, z 1 )Y w ,(b,z 2 ) - z^S \ Y w(b, z 2 )Y w/ (a, z\) 



-2a 

z l ~ z \ c z l ~ z 



z 2 \ z 2 



Y w ,(Y(a,z )b,z 2 ). (2.8) 
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Recall the following formulas 

z L{0) L(-l) = z- l L{-l)z L{0 \ (2.9) 

e 2L(1) L(-l) = L(-l)e zi(1) + 2ze zL{l) L(0) - z 2 e zL{1) L(l), (2.10) 

z m Y (a, zoK i(0) = Y(z m a,z z), (2.11) 

e zL{l) Y(a,z )e- zL{1) = Y ( e z{1 - zzo) (l - z z)- 2L ^a, Z ° ) . (2.12) 
For u,u G from |FHLj we have 

^o" 1 ^ f Zl Zo 22 ) Y w (v, Z2 1 ) Y w (u, ^r 1 ) 



-Zq 1 S { ^ 2 _ z Zl ^j Y w (u, z 1 x ) Y w (v, z 2 x ) 



:n \ c j —z 2 1 + z 1 1 



-(^r 1 ( ~ ) M 2 ; 1 I *w («, -r 1 ) iv («, ^r 1 ) 



go 



Zq \ x \ z \ ~ z 2 



V 1 



(z 1 z 2 ) 1 z 2 s ( ^_ 1 2122 ] y w ( y ( u, -jy j > • -2 



t> 2;, 1 



^ ( ) FJyL^]^- 1 ]. (2.i3) 



Z\ J V V ^1^2 

Now, take 

For proving the desired twisted Jacobi identity, it suffices to prove 
z?8 ( £L ^) (^^y 2a e 22L(1) e^°)^ 2L(0 V(a,z ) 

Z 2 + Z o \ v ( pZl L{l) p -KiL{0) v -2L{Q) n £o_^ p z 2 L{l) p -KiL{0) „ r 2L(0) 

or, equivalently to prove 



21 / V ^2 



- ~ 2q 

^1 — ^0 \ / #1 — ^0 



^2 / \ ^2 

! 5 / £2+*o\ y f zlH l) e .i m -511(0) _ J0_\ (214) 



Using formulas ( Egp - (gZEgJ) , we get 

e22 L(l) em L(0) 2 -2L(0) r(a ^ o)2 2L(0) e _ m L(0) e -, 2 L(l) 

= e ^L{i) e ^m Y ^ 2L ^ a , - z - 2 z ) e -^(o) e - 22 L(D 
= e z ^Y (e mL ^z^ 2L{0) a, -z 2 2 z ) e~* 2L « 

= y ( e Ml+^)L(l) {l + ^-l)-2L(0) e ™L(0) z -2L(0) a; 



Z 2 2 Zq 



1 + z z 2 1 



Y ( e ^+^(D e ^(o) (22 + z )' 2L ^a } — ^ ) . (2.15) 

^2(^2 + Zq) 



Thus 



, , , 2a 

z \ — Z \ Zi — Zq 



Zo l 8 

Z2 J V Z 2 
.^L(l) c ^(0)^0) y(Oj ^ ) ^) e -«iL(0) e -«X(l) 



^2 + Zq \ I Z2 + Zq 



Zl J \ Zi 

ZQ 



. Y [e^ +z ^e mL ^(z 2 + z )- 2L ^a, 



Z2\Z2 + Zq 



= Zl H ( ?*±*) Y (V^V^V 2L(C V -—] • (2.16) 
V zi J \ Z2Z1J 

Now the proof is complete. □ 

Remark 2.5. Let V be a vertex operator algebra and let W be a V^-module. It was 
proved in [FHLJ that the double contragredient module (W')' is isomorphic to W. 
Now, assume that V is a Q-graded vertex operator algebra. Following the argument 
in [FHLJ, one obtains 

(Y')'(v, z) = Y{e 27riL(0) v, z) (= Y(t(v), z)) for v G V. (2.17) 

That is, the double contragredient module (W)' is isomorphic to the r-twist of W, 
which is defined by W T = W as a vector space and Y\y-(v,z) = Yw(t(v), z) for 
v E V. 

The following is the main result of this section, which gives a connection between 
the two constructions of ovtwisted modules: 

Theorem 2.6. Let (V,Y, 1, u>) be a vertex operator algebra and let h G V, satisfy- 
ing (12. 2\) . Set Q = co + \L(-l)h. Let W be a V -module and let (W',Y') denote 
the contragredient module of W . Identity W with (W)' canonically as a vector 
space. Then (W, (y%) is isomorphic to (W, Y(A(h, z)e~z 7:ih ^-, z )) as a ah-twisted 
V -module, where (Y')' Q denotes the contragredient dual of Y' with respect to the 
conformal vector uj. 
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Proof. First from |FHLj we have 

z L{0) e z Q L(l) = ^0^^(1)^(0) _ ( 218 ) 

With co = ui + \L{— we have 

L(m) = L(m) - ^(m + l)h(m) for m E Z, (2.19) 
where y(tD, 2) = 5^ ngz L{n)z~ n ~ 2 . In particular, we have 

L(-1) = L(-1), L(0) = L(0) - ^(0), L(l) = L(l) — (2.20) 

Let a E V, 116 i/ £ W. Using (1277]) we have 
(f ', F(a, 

= (y'( e zL ( 1 )(-z- 2 ) L (°) a ,z- 1 )^«) 

= (Yy-(e z ~ li ^e-^°h 2i ^e zL ^\-z- 2 f i0) a,z)u). (2.21) 

Recall that [/i(0), h(l)] = and [/i(0),L(j)] = for j = 0,1 and also recall from 
[FHL] (formula (5.3.1)) that 

(_ /Z 2 ) i (°) e 2i(1) (-2- 2 ) L(0) = e~^ lL(1) . 

Then 

e z-^L(l) e -niL(0) z 2L(0) e zL(l)^_ z -2^L(0) 
= e ^- 1 (L(l)-^(l)) e ^i(L(0)-i/ l (0)) j2 2(L(0)-|/ 1 (0)) e2 L(l)^__ 2 -2^L(0) 
= Z -HQ) e z-HL(i)-h(l)) (_ z 2^L(0) e zL(l) /_ z -2\L{0) e iwih(0) 

= z - ft (o) e ^ 1 (i(i)-^(i)) e -^ 1 i(i) e f«Mo)_ (2.22) 
By Lemma 3.2 from [Li3j we have 



k 

vfc=l 



Using this we obtain 

(v', Y(a, z)u) 



(v', (F% ( 2 -M0) e - 1 Wi)-Mi)) e -- 1 i(i)^«M0) fl)Z j u) 

<«', (XV* (z~ m -P (|) ^W^) e^a, z^j u) 
(v\{Y% (A(-h,z)e^ ih ^a,z) u). 



Thus we get 

(v', Y (A^, z)e-^°)a, z) «> = (v\ {Y%{a, z)u), (2.24) 
as desired. □ 
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3 Pseudo-derivations and pseudo-endomorphisms 

In this section, we study what we call -R-valued pseudo-derivations and pseudo- 
endomorphisms with R a commutative associative algebra over C((z)). These no- 
tions naturally extend those of (C( (z)) -valued) pseudo-derivation in |EK] and pseudo- 
endomorphism in [Li4] . We also study pseudo-endomorphism twists of ordinary 
representations for a vertex algebra. 

Let R be a commutative associative algebra over C((z)), equipped with a C-linear 
derivation d on R, satisfying 

df(z) = ±f{z) for f(z) G C((z)). 

Typical examples of such an R are C((z)), C((z l l r )) with r a positive integer, and 
C((V/ r ))[log;z] with log z as a new variable where d log z = z 1 . 
We now fix such an R together with d throughout this section. 

Definition 3.1. Let V be a vertex algebra. An R-valued pseudo-derivation of V is 
an element 

G Rom(V,V ®R), 

satisfying 

*Y(u, a> - (Y(u, x) g> l)tt(u) = Y(e x{1 ® d) $(u),x)(v <g> 1) (3.1) 
for u, « 6 V, where for the expression on right it is understood that 

Y(u eg) a, x)(v ®b) = Y(u, x)v ® ah 

for u, v G V, a,b e R. 

Definition 3.2. Let be a vertex algebra. An R-valued pseudo-endomorphism of 
is an element A G Hom(V, V ® satisfying 

A(l) = 1 ® 1, Ay(u, z) = F(e x(1 ® a) A(t;), x)A (3.2) 

for t> G V. 

As consequences of the definitions we have (cf. [Li4j ): 

Lemma 3.3. Let V be a vertex algebra. For any R-valued pseudo- derivation \& of 
V , we have 

tf(l) = 0, (2?®1)*-*I> = -(1®9)*, (3.3) 
where T> is the linear operator on V defined by T>v = t>_2l /or i> G V . 
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Proof. It is basically the same proof as in [Li4j (Proposition 2.3). We have ^(l) = 
because 

Y(e x{1 ® 9) ^(l),x) = #Y(l,x) - (Y(l,x) ® = * - * = 
and because F is an injective map. By definition we have 

VY(v, x)l- (Y(v, x) ® 1)^(1) = F(e x(1 ® e) ^(w), x)(l ® 1). 
As ^(1) = 0, we get 

*y(u,ar)l = y(e :c(1 ® 9) ^(t;),x)(l ® 1), 

which implies 

mV(v) = (V ® l)*(v) + (1 ® 
as we need. □ 

From the argument in the second part we also get: 

Lemma 3.4. Let A be an R-valued pseudo-endomorphism of V . Then 

(T> <g) 1) A — AT) — — (1 <g) d) A. (3.4) 

As i? is a commutative associative algebra over C and 9 is a derivation, by a 
result of Borcherds [B], i? has a vertex algebra structure (over C) with 1 as the 
vacuum vector and with 

Y(a,x)b= (e xd a)b = ^^(d n a)b (3.5) 

n>0 n ' 

for a,b E R. For convenience, we denote this vertex algebra by (R, d). Then for any 
vertex algebra V, we have a tensor product vertex algebra V <g> (R,d), where the 
vertex operator map, denoted by Y ten , is given by 

Y ten (u ® a,x)(v <g> b) = F(w,x)t> <8> F(a,x)6 = F(w,x)t> (g> (e xd a)b (3.6) 

for w, t> G V, a, b G -R. Identify V as a vertex subalgebra of V®{R, d) in the canonical 
way, so that V ® (R, d) is a natural V^-module. A linear map $ : V — >■ K <8> R is 
called a derivation if 

$F(m, x)f = y(u, ar)*(u) + K ten x) v (3.7) 

for u,v E V . 

Now, we interpret i?- valued pseudo-derivations and -endomorphisms as ordinary 
derivations and homomorphisms of vertex algebras. 
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Lemma 3.5. Let V be a vertex algebra. An R-valued pseudo- derivation (resp. 
pseudo-endomorphism) of V exactly amounts to a derivation (resp. an endomor- 
phism) from V to the tensor product vertex algebra V <8> {R, d). 

Proof. Let : V — > V ® Rbe & linear map. Notice that 

Y(e x{1 ® 9) (w ®a),x) = Y(w,x) ®Y(a,x) = Y ten (w®a,x) 

for w £ V, a G R. Then (13.11) exactly amounts to 

%Y(v,x)u- (Y(v,x) g> l)*(u) = Y ten (y(v),x)(u® 1). 

Thus ^ is an .R-valued pseudo-derivation if and only if ^ is a derivation of V- 
modules. The assertion for pseudo-endomorphism is also clear. □ 

Using Lemma [3.51 we have (cf. |Li4j ): 

Proposition 3.6. Let V be a vertex algebra. The restriction of every derivation 
of the tensor product vertex algebra V £g> (R, d) is an R-valued pseudo-derivation 
(resp. pseudo-endomorphism) of V . Conversely, the unique R-linear extension of 
any pseudo-derivation (resp. pseudo-endomorphism) of V is a derivation (resp. 
endomorphism) ofV® (R, d). 

Definition 3.7. A pseudo-endomorphism A of a vertex algebra V is called a pseudo- 
automorphism if the i?-linear extension of A is an automorphism of the tensor 
product vertex algebra V <S> (R, d). 

Remark 3.8. Consider the case R = C((z)) with d — 4-. We denote a pseudo- 
derivation by ^(z) to show its dependence of variable z. As 

e x £$f(z) = ty(z + x), 

we have 

W(z)Y(v, x) - (Y(v, x) <g> 1)^0) = Y(*ff(z + x)v, x) 

for v e V. With Lemma 13. 3^ we see that a C((z))-valued pseudo-derivation is 
exactly a pseudo-derivation in the sense of [EKj . Similarly, a C((z))-valued pseudo- 
endomorphism is exactly a pseudo-endomorphism in the sense of (Li4j . 

Remark 3.9. Let V be a vertex operator algebra and let h G Vm be such that 

L(n)h = 5 nfi h, h n h = 5 n< ijl 

for n > 0, where 7 is a rational number. Assume that ho acts on V semisimply with 
eigenvalues in for some positive integer r. Recall 

A(h,z) = * fc (°>exp ^M|l(- z )- fe J G (EndV)[[z l / r ,z- 1/r }}. 

The proof of Proposition 5.4 of |Lil] is mainly to prove that A(h,z) is a C((z l / T ))- 
valued pseudo-endomorphism. 
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Just as with the classical case, the exponentials of pseudo-derivations should give 
rise to pseudo-automorphisms. 

Lemma 3.10. Let V be a vertex algebra and let $ be an R-valued pseudo-derivation 
of V , satisfying the condition that for every v G V , there exists a finite- dimensional 
subspace U ofV, containing v, such that 

$ n+fe (C7) C U®I n forn>0, 

where k is a fixed nonnegative integer and I is a fixed ideal of R. Suppose that R is 
I-adically complete. Then 

n>0 

is an R-valued pseudo-automorphism of V. 

Proof. Notice that the assumptions imply that 5TJn>o -^Q n (v) lies in V®R for v G V, 
so that exp $ is an i?-linear automorphism of V <8> R- By Proposition 13.61 $, after 
i?-linearly extended, is a derivation of the vertex algebra V <g> (R, d). Since $1 = 
(by Lemma [373]) . we have (exp $)1 = 1. Let m G Z. Just as with any non-associative 
algebra, we have 

(exp $) (a m b) = (exp $) (a) m (exp $) (b) for a, 6 G V <g> i?. 

This shows that exp $ is an automorphism of vertex algebra V <g> (i?, 9). By Propo- 
sition 13.61 exp $ is an R- valued pseudo-automorphism of V. □ 

The following result, which slightly generalizes Proposition 1.9 of |EK] with a 
different proof, enables us to construct a family of pseudo- derivations: 

Proposition 3.11. Let V be a vertex algebra. For any v G V, f G R, set 

n>0 

T/ien Xyj an R-valued pseudo-derivation ofV. 

Proof. Note that (v ® /)o, which is the coefficient of x _1 in the vertex operator 
Y te n{v <S> f,x), is a derivation of V <E> (-R, 9). In view of Proposition 13.61 (t> ® /)o is 
an i?-valued pseudo- derivation of V. On the other hand, we have 

(v ® /) = Res :c y ten (f ® /, x) = Res x Y (v, x) ® e xa / = I,,,/. 

Now the assertion follows. □ 
In view of Proposition 13. 1 ll and Lemma [3. 101 we immediately have: 
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Corollary 3.12. Let V be a vertex algebra and let v G V. Suppose that for any 
w G V , there exists a positive integer k such that 

V ni V n2 ■ "V^W = 

for any nonnegative integers n±, . . . ,n r with rt\ H — • + n r > k. Then for any f G R, 




is an R-valued pseudo-automorphism ofV. In particular, this is true if V is a vertex 
operator algebra and if v is homogeneous with a non-positive conformal weight. 

Proof. The first assertion is immediate. For the second assertion, as wt v < 0, we 
have wt v n = wt v — n — 1 < for n > 0. Since V is truncated from below by 
definition, the assumption in the first part is satisfied. Then it follows. □ 

Proposition 3.13. Let V be a vertex operator algebra and letvEV be homogeneous 
of weight k positive, such that [v m , v n ] = for m, n > 0. Suppose that v , v±, . . . , Vk-i 
are locally finite on V and suppose that f(z) G £ fe C[[2:]]. Then expX v j exists in 
Hom(V, V <S> C((z))) and it is a C((z)) -valued pseudo-automorphism ofV. 

Proof. As f( n \z) G ^C[[z]] for < n < k — 1 and as v , v i, . . . , t> fc _i are locally finite, 
we see that 




exists in Hom(V, V (8) C[[z]]) (not just in (EndV)[[;z]]). On the other hand, 




also exists in Hom(l / , V ® C[[z]]) as wt v n = k — n — 1 < for n > k. Consequently, 
exp X v j exists in Hom(V, V<g>C((z))) and it is a C((z))-valued pseudo-automorphism. 

□ 

Example 3.14. Let V be a vertex operator algebra and let v G V(i) be such that 
[v m , v n ] = for m, n > and such that v o is locally finite on V. Let r be a positive 
integer and let f(z) = z 1 ^ . We have 

n>0 ^ ' 

Note that exp(v ^ 1/r ) exists in Hom(V, V ® C[[^ 1/r ]]) and exp (j2 n >i {t) v n z ~ n+ ^ 

exists in Rom(V, V ® C[z~ 1/r }). Then exp(X vJ ) exists in Hom(V, V ® C((^ 1/r ))) and 
it is a C((z 1 / r ))-valued pseudo- automorphism of V. 
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The importance of pseudo-endomorphisms can be seen from the following results 
due to [EE] and jDLMl] (cf. [Dip : 

Proposition 3.15. Let V be a vertex algebra and let A(z) be a (c((z)) -valued) 
pseudo-endomorphism ofV. Then for any V -module (W,Y W ), (W, Yfy) carries the 
structure of a V -module where 

Y^(v, x) = Y w (A(x)v, x) for v E V. 

Proposition 3.16. Let V be a vertex algebra and let a be an automorphism of V 
of order r. Suppose that A(z) is a C((V/ r )) -valued pseudo-endomorphism of V, 
satisfying 

(a x t)A(z) = A{z), (3.9) 

where rf^z 1 ^') = f{oj r z l l T ) for f(z) E C((z)). Then for any V -module (W, Y w ), 
(W, carries the structure of a o-twisted V -module where 

Y w (v, x) = Y w (A(x)v, x) for v E V. 

Example 3.17. Let V = M(l) be the (free field) Heisenberg vertex operator algebra 
with one generator h satisfying 

for m, n E Z. Note that ho = on M(l). We see that the assumption in Corol- 
lary [3H2] with v = h is satisfied. Thus for any / E C((z)), expX h j, lying in 
Hom(M(l), M(l) ®C((z))), is a pseudo-automorphism of M(l). Let A; be a positive 
integer and set 




Noticing that X hz -k(ti) = —kz k 1 1, we have $>k(z)(ti) = h — kz k 1 1. For any 
M(l)-module (W,Yw), we have a module (W, Y^ k ) for M(l) viewed as a vertex 
algebra, where 

Y^(h, z) = Y w ($ k (z)h, z) = Y w (h, z) - kz- k -\ 
Set Y^{h,z) = Y.n & h t kz ~ n ~ l - We have 

h® k — h n — k5 n , : k for n E Z. 

Take W = M(l), the adjoint module, on which hk is locally nilpotent. We see that 
/i* fe = hk — k is locally finite but not nilpotent. Thus the deformed M(l)-module 
(M(l), y* fe ) is not a highest weight module. Such M(l)-modules viewed as modules 
for the Heisenberg algebra were studied in [LWJ . 
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Next, we interpret A(h,z) (recall Remark 13. 9p as the exponential of a pseudo- 
derivation. First we define an algebra R involving log z. Let r be a positive integer. 
Consider algebra C((z 1 / r ))[[y]] with y an independent variable. There exists a C- 
linear derivation d such that 

9 (j2^y n ) = £ (^y n + w- 1 ) (3.10) 

\n>0 / n>0 ^ ' 

f° r J2n>o9 n y n e ^((z 1 ^)) [[y])- m particular, we have dy = z~ l . The algebra 
C((z l / r ))[[y]\ contains C((z)) ®C[[y}}, C[z, z' 1 } ®C[[y]], and Cfe/,z -1 ] as subalgebras 
which are all stable under the derivation operator d. 
Set 

K r [y} = (y, e^lae-z), (3.11) 



a subalgebra of C [[?/]], where 

£-WeC[[z]]. 



e ay 



ni 

n>0 



One can show that K r [y] is isomorphic to C[-Z] ® C[y], where C[-Z] stands for the 
group algebra of ~Z. 

Note that both C((*)) g> K r [y] and C((,2 1/r ))[?/] are subalgebras of C((^ 1/r )) [[?/]], 
which are stable under 9. The following is straightforward: 

Lemma 3.18. There exists an algebra homomorphism 

9:C{{z))®K r [y]^^{{z yr ))[yl 
which is uniquely determined by 

8(f(z)) = f(z), 9(y)=y, 8{e^) = z^ 
for f(z) G C((z)). Furthermore, we have 6d = 88. 

For any vertex algebra V and for any v G V, by Proposition 13.111 

X ^y = £ = «o2/ + ^(-l)"- 1 -^^"" 

z — ' n! z — ' n 

ra>0 n>l 

is a C[y, 2 valued pseudo-derivation of V. 

Proposition 3.19. Let V be a vertex operator algebra and let h G Vm, satisfying 
that [h m , h n ] = for m,n > and that ho is locally finite on V. Then exp(Xh, y ) is 
a <£[z~ l ]®<C\\y\\-valued pseudo-automorphism of V . Furthermore, if the eigenvalues 
of ho lie in -Z, exp(Xh )Z ) is a C[^ _1 ] £§> K r [y]-valued pseudo-endomorphism ofV. 
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Proof. Since wt h n = —n < 1 for n > 1, we see that ^ n>1 ( — l) n 1 ~h n z n is locally 
nilpotent on V. As /iq is assumed to be locally finite on V, we have 

e yh ° G Hom(y,F<g)C%]]). 

Thus 

exp(A\ y ) G Hom(V, 1/ <g> C^ 1 ] <g> C[[y]]). 

We see that exp(Xh, y ) is a Cf;? -1 ] ® C[[?/]]- valued pseudo-endomorphism of V. 

Now, assume that the eigenvalues of ho lie in -Z. By using the semisimple- 
nilpotent decomposition of h , we have 



e yh ° G Hom(V, V ® K r 

Consequently, we obtain 

exp(X h , v ) G Hom(V, V g> C[^ _1 ] g> K r 
proving that exppT^) is a Cfz -1 ] <g> iT r [y]-valued pseudo-endomorphism of V. □ 

Identify C{{z^ r ))[log z] with the subalgebra C((z^ r ))[y] of C{{z l / r ))[[y}} where 
y = log 2. That is, log 2 is considered as a formal variable. We have (cf. |AM] , JH]): 

Corollary 3.20. Let V be a vertex operator algebra and let h G Vm, satisfying that 
[h m , h n ] = /or m, n > and £/ia£ /io is locally finite on V with eigenvalues lying in 
iz. Set 

r 

A(M) =exp(/ io log^)exp ( ^(-1)^1/^-" j , 

\n>l U J 

where forv G V, e h ° logz v is defined by 

e hoio g z v = z K° e K v ^ 

where ho = h^+hg is the semisimple-nilpotent decomposition on any finite- dimensional 
ho-stable subspace U containing v. Then A(/i, z) is a C((V '< /r ))[log;z]- valued pseudo- 
endomorphism ofV. 

Proof. It is clear that the definition does not depend on the choice of U. By 
Proposition 13.191 exp(X hty ) is a C^ -1 ] ® i^ r [|/]-valued pseudo-endomorphism of V. 
In view of Lemma 13.51 exp(X/ l?/ ) is a vertex algebra homomorphism from V to 
^(^(C^ -1 ]®-^^]) 9). On the other hand, from Lemma r3.18l we see that the algebra 
homomorphism 9 is actually a vertex algebra homomorphism from (c((z))®K r [y], d) 
to {<C{{z l / r ))[yld). Then 9 o exp(X^) is a vertex algebra homomorphism from 
V to V <g) (C((z 1/r ))[?/],<9) and by Lemma EE it is a C((V/ r ))[?/]-valued pseudo- 
endomorphism of V. □ 
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Now we consider pseudo-endomorphism twists of representations for a vertex 
algebra. Recall from |LTWj (Remark 2.16) the following result on the definition of 
a twisted module (cf. |Lilj ): 

Proposition 3.21. Let V be a vertex algebra and let a be an automorphism of V 
of order r . Set 

u r = exp(27r-\/— T/r). 
Let W be a vector space and let 

Y w : V ->■ Hom(W,W((a;r))) c (EndW)[[xr ,aTr]] 

be a linear map. Then (W, Yw) carries the structure of a a -twisted V -module if and 
only if the following conditions hold: Yw(l, x) = lw, 

Y w (av,x)= lim Yw(v,x) (3.12) 

for v G V , and for u, v G V, there exists fcGN such that 

(xt - x 2 ) k Y w (u,x 1 )Y w (v,x 2 ) G Hom(W / , W((x[,x$))) 

and 

XqY w (Y(u,x )v,x 2 ) = (fa - x 2 ) k Y w (u,x 1 )Yw(v,x 2 )) l a .Vr =(a , a+a!o) i/r- 

Definition 3.22. Let V be a vertex algebra and let r be a positive integer. A 
<C{{z 1 l' r )) -valued V -module is a vector space W equipped with a linear map 

Y w : V ->■ Hom(^,l^((x 1/r ))) C (EndW)[[arr,x-r]], 

satisfying all the conditions listed in Proposition 13.211 except f )3.12p . 

The following generalizes Proposition 13. 161 in a certain way (cf. [HJ): 

Proposition 3.23. Let V be a vertex algebra and let A(z) be a C((z 1//r )) -valued 
pseudo-endomorphism of V with r a positive integer. Let (W, Yw) be a V -module. 
For v G V , define 

Y w -(v,x) = Y w (A(x) v,x). (3.13) 
Then (W, Y£) carries the structure of a <C((z l l r )) -valued V -module. 

Proof. For v G V, w G W, as A(x)v G V ® C((x 1 / r )), we have Y$ (v,x)w G 
W{{x l ' r )). We have 

Y#(M) = Y w (A(x)(l),x) = Y w (l,x) = l w . 
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Let v E V. As A(z)(u) : A(z)(v ) e V^C^z 1 ^)), there exists a nonnegative integer 
such that 

(xi -x 2 ) fc [F^(A(2;i)M,a; 1 ),F H ,(A(2; 2 )t;,a; 2 )] = 0. 
Substituting z^ 7- = x]^ r , z^' = x X 2 r , we get 

(xi - x 2 ) fc [Y^( M , x0, y£(v, x 2 )] = 0, 

which implies 

(xi -x 2 )% A (vi)V A (V2) e Hom(^,^((x; /r ,x^'))). 

We also have 

x%Y w (Y(A( Zl )u, x )A(z 2 )v, x 2 ) 
= ((xi - x 2 ) k Y w (A(z 1 )u, x 1 )Y w (A(z 2 )v, x 2 )) | ie i/r =(a . 2+ieo)1/r . 

Substituting z|^ r = (x 2 + x ) 1 / r , z x 2 r = x^ r , we get 

XqY^(Y(u, x )v,x 2 ) = ((xi -x 2 ) fc Y"^(M,xi)F^(w,x 2 )) | a .i/r =(a . 2+a!o) i /r , 
noticing that 

Xq1V(F(A(x 2 + x )w, x ) A(x 2 )w, x 2 ) 
= x^1V(A(x 2 )F(m,x )w,x 2 ) 
= XqY0(Y(u,x o )v,x 2 ). 

This completes the proof. □ 

Remark 3.24. Let R be a commutative algebra over C((z)) as before. For a vertex 
algebra V, one can define a notion of i?-valued V-module. 
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